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(a, 4, a >  0 if it. has onlv a f iz i te  ---A- 

a sections -three and f o w  this paper w i l l  c o x e m  i t s e l f  with a 

class wilL'be denoted by F a d  tdl1,corisist o f  all equatlcns or" the form 

(1.1) with tke proparty tha t  i f  

y(b) = 0 = yt(b) b > 0 then y(x> 0 for all x in (9,b) OY for 

all x in (b, -) 8 noreover, if y(b) = y t (b )  = y19(5) zz C then 

y(x> 0 for x $  b 

y is a solution o f  the equation aad 

L7. the l a s t  c h q t e r  ~f tkis paper pmt ica la r  noneqty subclasses 

of  F will be examinedo 

??e now consider soxc proper-lies o f  gzr?eral f o w t h  order linear 

d i f f e ren t i a l  squatdonso 



solutions of the system 

t k a  systcm 

4 .  
2 a.y.(x 1 = o E 

fz-J, 2. = 2 

according as t k e  thee p o h t s  z x  d i  TO o f  tkex 



The in tegra l  OF, t i e  l e f t  may b3 evaluated by the i ' u d m m i a l  thoorsa of  

"2 -2 i n t e g r a  caLxlus,  Since g(a,) =: g(e,) = o , then J s(x)[V(x)] dx=;o., 
a1 

T h i s  iriplies t ha t  S have zt l eas t  oce zero in (al,a2j. 

THEOFX.; 2.3. E I: . z Z  v be of c lass  C' Y in (a,b) a?d l e t  
Y I P  - 

ham n o  zeros in this intcrvcl, 2 2 (a,S) u y_- has two d i s t i n c t  
--_I-- 

ar,d thcn there e,uists a cox?stan-l p - a2 -__. consccutlve zc-os:, sap 
such t ha t  t h  f u x t i o n  z derinod - by a ( x )  = u(x) - pv(x) 7- has a double --- 
-- z 3 r o  in ($,a2) e 

' PRGCP, These conditions exactly f l t  Lema 2-2, s o  S Rust have a 

aero, say x 0 , i i ~  (?.a2) . I: 9 = u(xa)/t-(xo) 

z(x,) = %'(x0) f 0 ; t ha t  is, z has a double ze ro  a t  xo 

then 

111. THE, hTLTG3EI1 CF ZEROS OF A SOLUTION 

This section concczns itsc',f . .~h '- t h s  am?xir o f  zeros o f  solu%iol-.,s 

t o  equations in F . 
concerns t w o  solutio::,- t o  a", cqtiation i n  F 

&:e o f  the nost i r r ? o r t a t ,  r e su l t s  of  this szction 

that have %roe zcros in 

commoae 

TXEGFzA 3.1. If yl e y2 zi*O t;::o nontr ivial  SolctioTis t o  xcc -- - 
equation in F 

then y1 

that hav; -Lk~m, no5 2-?xc.xarily distinct, zeros in c o n ~ c n ,  - -.I__- -y 

y2 2 cors+,:nt ~ultiples oi' eac'n o the r ,  - 
PROOF, L e t  tke three C a i - O S  b~ a, b, and c where 0 < a 5 b 5 c . 

The different conf ip ra t ions  o f  zeros w i l l  ham t o  be studied i n  cases. 



. .. 

5 
C2se I, A11 three z i roc ;  a r e  dis t inc t ,  a < b < c Since 3 m - c  

z-3 zeros at a ma c than ylt(b) p 0 m.d y ' (b)  0 . Cafine a 2 

conbir-ation of yl and y2 Xotiee t ha t  w,(a) = wl jh )  = y ( ~ )  
= wll(b) = 0 T h i s  is a contradiction t o  the f c c L t h a t  w i s  a s o h -  

t i o n  t o  an equation i n  F > u l e s s  FJ is ideatically zeroo h t h a t  1 
case yl(x) 

multiples ., 

Case 

but ft wtll 

E: [y,-t(b)/y2*(b)]y2(x) So yl and y2 are constant 

11. Two of the zeros coincide. There are two such cases, 

ba suff ic imt  t o  e x a n i e  ona o f  t?ien. L e t  a = 3 < c 

Therefore -yl(b) = ylf(b) = yl(e) = 0 and y2(b) = y21(b) = y2(c) = 0 

if it were the case t i a t  y,"(b) = 0 o r  t ha t  y2n(b) = 0 then the 

- y2rr(b)yl(x) Now v2 is a s d ~ t i ~ n  t o  %De e q ~ z % o s  uxkr eonsiGs=.a- 

tion, and w2(b) 1 w2l(b) = ~c~;*(b) = x 2 ( c )  = 0 . 
to the  fac t  that w2 is a s o h t i o n  t o  ai equation in F unless w 

This is a contradiction 
L -~ - -  -~ 

2 
i s  idelztically zero. Ia til;?', case yl(x) = [yl~r(b)/j2"(b)Iy2(x) . So 

~. 
y1 and y2 ai'e c o n s t a t  nul-biples. 

Case 111, All t k m e  ZCTOS coincide, a = b = c e Therefore 

yl(b) = yll(b) = yl"(b) = 0 a d  y2(b) = y2'(b) = y,lt(b) = 0 I:I t h i s  

case both y1 and y2 are  nul3.ples of  the solution y sat isff ing tha 
1 

Y1 conditions y(b) = yf(b) = y"(b) = 0 w*C: (sry*) (b) = 1 . Eeme 

a d  y2 are constant m l t i p l e s .  



F is, 

rZS in 

leads 



bJ a+, most Ond. --- 
PBOOF. N o t e  tha t  neither u nor v may have any mlt ' ip le  ~ e m s  

i n  (a,b) e If o m  o f  the  solutions, say u , had two o r  more zeros  12 

excess of t b  nuiiber t ha t  the other, v , had,in (a,b) , then I; w u l d  

have t w o  consecutive zeras not s e p r a t e d  by v , By 'ileorem 3,2  the ze ros  

o f  u md v must separate, which i s  a contradictiozr, Thus the n7mber 

o f  zeros o f  u and v i n  (a,b) may d i f f e r  by a t  m o s t  one. 

The f o l l o w b g  result is useful before redl;chg the r e s t r i c t i o c s  

of  Theorem 3.2. 

tlzen the z e r o s  of  'I: do z o t  sepaTs";e t k e  zeros  o f  v - i n  (%+lS O D ! *  v3---- -_s --- 
Furthm, u & v ---- tax 20 z e ~ o s  in c o ~ x c ) ~ !  - ir! iq&+ls 4 

?ROOF, Each t h s  the  ZWGS o f  u a d ,  v separate each other, the 

l i nea r  combiration z(x) = u(x) - pv(x) , where p i s  a nonzero c o n s t a t ,  

has a single zero i n  t i e  open k t e r v a l  bounded by cmsecutivz zeros or' 

one solution which a s  separated by a zero  o f  the other sokction. 

if  the zeros cf u m-d v s e p u a t e  one ST K O ~ B  S i m s  i n  (%+19 -) 

then z has a siEgle zero i n  (a,$) aiid Howevsr, u i s  

nonzero ia ($, %,.,) . 57 Lmna 2 .3  there i s  a p , such tha t  z has 

Now 



A 

if u 

&nee 

have a - -  

I 

Thcso lerrmas a;"~ used in tha proof  of t i e  followir-g theorem. 

L& u m d  v b~ ~ Y J D  n c ~ 4 ~ i v f e l  s o l u t i o n s  o f  XI 
I- -- 7 - Y&O?&I 3 . 5  

F G > O  0 

' in (b, If v(b) = 0 then u and v have two zeros in cor"io,n,, 

ation w i t h -  tho t h e e  zero3 a, b, and. c By Theorem 3.3 tho zeros u 
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9 
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as y ranyes over a13 solutions Lf zLz- 
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the minimum value of a ---- n+3 - 
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=x> 
doublo 



__ . . 

But t-his contradicts t h c  f a c t  =hat the d i f f e m n t i a l  equation i s  i n  

SO IJ. w intersects G C ~  p o s i t i v a  arck o f  v i n  

dis t i f lc t  points, NotEze also ;hat y may have ocly s ing le  zeros i n  

(a, \) . Yken 
posi t ive a x h e s  o f  v 03 the interval ,  Sincs v was assumed posi t ive on 

F , 

(ajr a ) exac-L>j t x o  
I, P* 2 

P 
has twice as xa2y zwss on (a a ) as cL-2i-Z are  

y? 3 P42 

a ) then y has p--- 2 zeros on (a3, ap+2) , It mst be the 
(ap"29 ?a3 P 
case tha t  y has no zeros i n  ?$) , Otherwise y will have a 

P P 
double zero a t  rj  a zero i n  

not happen as the d i f fe ren t iz l  equation i s  i n  F Now y has exactly 

one zero  i n  (aZsa3) Notice tha t  v and w are p s i t i v e  i n  (a,,a,) , 
and v ( a )  = 0 

) , and a zer3 a t  a T h i s  xay 
(\9 ap+3 P S  

P 

L ; t  

3 
If pPw .-WA-ct v i n  (a23a3) then rwtl(a) > r v ~ ( a )  J 

but rw"(a) = 0 and rvtt(a) > 0 . If p w intersected v %ore than once 
P 

then there i s  a x++ 3m -E+ (a*, 3 v '"_p , 0 <,pP < pp , such tha t  v - % 
has a double zsro i n  (a2, a3) , a dortble zero a t  a and a s k g l e  zero 

, If i t  is the case tha t  a = a then ss rioted a3 P"2 P33 
t o  the P i a t  O f  

?PI 
has p + 3 zeros i n  [a, 

yP be2ore y = v , Ynen i n  e i ther  case 

The r e su l t  is the s a x  i f  v(x) < 0 f o r  x in (ap+2, a 

the  

P 
) TAUS proves 

P*3 
(b) part  or" the theorem. 

Let z be a solution t o  the  same difr 'arential  equtior, ,  but 
P 

linearly independent of y , where zp(a) = z ( 

otherwise 2; and yp share three zeros which by Theorem 3.1 causes them 

t o  be l i nea r ly  dspendercL, Now, yp a d  I, share zeros a t  a and 

hence separate on (a, %) 
and a 

) = 0 . Then zpl(a)  # 0 
P P %  

P 

% a=d P 
@ C o r o l l a r y  3.3 tne numb02 of  zoros of y P 

has o m  on (a, rjp) may d i f zc r  by at most  oneo Assume t h a t  1; 
P P 



u(a) = u(ai) =: u(anCL) = 0 By Theoren 3 0 3  u w i l l  have a t  least n * 3 
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1irxi.t point o f  zeros of the yD's in the convergent subssqaeme w i l l  also 
A 

Se zeros o f  yo I n  Theorem 2 e 2  it was shown t ha t  a l l  the  y ' s  v a d s h  
P 

. i n  the in te rva l  (%-ly ?-k) If k < p So yo has a ze ro  in each ;f t h e  

b t e r v a l s  [qKm19 

T h i s  r e s u l t  may now be used t o  prcva the  following theorem, 

t h r a e  zeros i n  (a, a) , --- 
PRGOF, If the theoran were not true, then i t  woc ld  be the case that  

f o r  a l i  a > 0 there exists a solution y , t o  the  equation, winere y has 

a t  least four zeros in (a, -) , Then there e f i s t s  a sepence  or' a I s  - --+--... L - *a** 1 1  _..L_ ._ - . i 
( 0  < "1 < a < , ) terzing t o  Lnfinity such t h a t  f o r  each ai there is 

a solution yi 

a 

2 
of  the equation ;d..ich has four  zeros i n  (ai9 a) , and 

is to the right of the f o u r t h  zero of yi i n  (ais -) . Lei vi i+l 

be a solution t o  the diffeFent ia l  C C ~ ~ ~ O Z I  w2,t.h a double ze ro  a t  %rrd 

another ze ro  a t  ai By Tkoorea 3.7 vi rnilst h v e  a zero  h each o f  the 

Since i c m  'os a~,y posit ive integer, tken there w i l l  e.dst solu- 

t i o n s  of the dfffererYcial eqilation vrith a double zero a t  a and asbitrari ly 

r~-azy zeros on 

conjugate poin5s of  "1 T'nerefors, by Thaosem 4.3 the d i f f e r e n t i a l  

equation in F 

t ion,  So the theorez r'ollcws. 

(y3 0 )  . Ey Thecxern k.1, there  are the2 a n  i_nJnirL.t,y o f  

must be oscillatory vUch contradicts the original. assunp- 



(5 '2)  

Notice tnat  everythkqg t o  the r i g h t  o f  ti?? equality is ~c:-~13~a%ive or? -tZ-,;s 





(501') 









. 



1. 

2. 

3. 

40 

5. 

BI BLImMTHY 

h r r e t t ,  John Bo, ttDisconjugaey o f  a. self-adjoint d i f f e ren t i a l  
equation o f  the f o u r t h  order, 1’ Paci.r‘ic Journal of Mathmatics , 
V O ~ .  11 (1961). 

Barrett, Job! E., ptTwo pir~ bomdiry problems f o r  l inear self- 

Duke ?k’:k;m&ics Journal, Vol. 29 (1962) . adjoiat  d i f fe ren t ia l  eq-~t i t ions  of tize fourth order  with r idd le  
termott -- 

H a r t m a n ,  Phllip, O r d i c q  Different ia l  Equations, New Yorlc: JOLT 
u F- 

Wiley and Sons, 1964. 

Leightn?. Walter and Zecv Wehizie “Gn the osci l la t ion o f  so1utiol.s . 
of  self-cd j&;t liixsr d i f f e ren t i a l  eq.x’ci0n.s of the f our-tn 
order, It  Tmssactions of the  liinerican Mathematical Society, 

89 -~-*- ’*- VOID 

Boyden, H. L., Em1 Analysis, New York: Macxillar, 


